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Abstract. A notion of general manifolds is introduced. It covers all usual manifolds in mathematics. 
Essentially, it is a way how to get a bigger 'fibration' over a site which locally coincides with a given 
one. An enrichment with generalized elements is regarded which allows to see hom-sets of a given 
category as (almost) objects and to transfer some technics from objects onto hom-sets. Lifting 
problem for a group action and actions of group objects are also included. 



1. Fibrations and cofibrations 

(Co)fibrations play role of structures over objects in a given category which can be transported 
along morphisms. Transport system is called (co)cartesian morphisms. The situation is very 
similar to fibrations with connection as in Differential Geometry. 

E 

Definition 1.1. For a functor p 

B 

• morphism f : B' ^ p{E) has a cartesian lifting f : E' ^ E e ArE if V/' : E" ^ E such 
that p{f') factors through / (i.e., 3g : p{E") B' such that p{f') = f o g) /' itself uniquely 
factors through / over the base factorization (i.e., 31 g : E" E' such that f = f o g and 

pig) = g) [Jac] 

E" 




p{E") E' — — ^ E 




• morphism / : p{E) — > B' has a cocartesian lifting f : E ^ E' ^ ArE if V/' : E ^ E" such 
that p{f') factors through / (i.e., 3g : B' p{E") such that p{f') = g o f) f itself uniquely 
factors through / over the base factorization (i.e., 3\g : E' E" such that f = g o f and 



1991 Mathematics Subject Classification. CT Category Theory. 

Key words and phrases, (co)fibration, (almost) structures, enrichment, manifolds, stacks, group object, actions. 

Typeset by AmS-T^X. 



2 



G.V. KONDRATIEV 



P{9) = 9) [Jac] 



E- 



E" 



V/ / 



E' p{E") 



p{E)—^B'' 



□ 



Remark. (Co)cartcsian morphisms if exist arc unique up to vertical isomorphism {v : E 
E' € ArE is vertical if p{v) = Is for some B € ObB). 



E 



Definition 2.1.2. A functor p 



is called [Jac, Str] 



B 



• fibration if for each f : B' p{E) G Ar B there exists cartesian lifting f : E' —> E G Ar E 

• cofibration if for each / : p{E) —> B' G Ar B there exists cocartesian lifting f : E —>■ E' € 

ArE 



• biflbration if it is both fibration and cofibration 



□ 



Subcategory E^ := p ^{B,1b) E is called fiber over B. Eb consists of all vertical 
morphisms over B. 

Examples 

( 

1. For a category C with puUbacks codomain fibration is cod 

( 

cartesian lifting is a puUback square 



-4- • 



cod( 



C ^ 



• > • 



2. For a category C with pushouts domain cofibration IS dom 



dom( 



cocartesian lifting is a pushout square 

3. [Kom] Denote Rng— Mod, category of left modules with variable rings. 

Ob (Rng— Mod) are pairs {R, M) where: i? is a ring, M is an i?-module. Ar (Rng— Mod) 

arc pairs {(p : Ri ^ R2, f ■ Mi M2) such that Vr £ Ri,m G Mi /(r ■ tt?) = ip{r) ■ f{m). 
Then 'projection on first component' Rng— Mod Rng is a bifibration. If if : Ri ^ R2 € 
ArRng then direct image of (i?i,Mi) over ip is (i?2,^2 (^Ri Mi). Cocartesian lifting of ip 
is {ip, 0) with (p : Mi — > R2 Mi : m i— > 1 m. 
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{Ri,Mi) - — ^ (i?2, i?2 Ml) 




i?3 



where: %!: ■ f := ^ o [ijj ® f) : R2 Mi — ^ i?3 (g)flj M3 M3, /x is module multiplication, 

• ''2) • f{m) = (i/j ■ /)(ri • r2 (g) m) = i/'(ri) • (i/' • /)(r2 «) to) = i/'(ri) • (■i/'(?'2) • f{m)). 
Inverse image of Afi) over a : R ^ Ri is (i?, Mi) with action (r, m) 1— > a(r) • m. 
Cartesian lifting of a is (a, 1mi)- 

(i?',M') 





4. (Differential Equations) 

Set Top Diff Diff^ Jet°°(Diff^) Sub(Jet°°(Diff^)) 

where Diff^ is a full subcategory of Diff ^ consisting of surjcctive submersions (surjective 
maps with surjective differential at each point), Jet °° (Diff ^) is the corresponding category of 
00-jet-bundles, Sub(Jet°°(Diff^)) is the category of subobjects of 00-jet-bundles (differential 
relations), ^, v ^ j, 

Pi : Top Set is a fibration (V arrow S' Pi{T) 3 Cartesian 'completion' , 

T' has initial topology w.r.t. ?i), 

P2 '■ Diff Top is not a fibration if difforcntiable manifolds arc regarded in usual sense (as 
locally Eucledian), but it is a fibration if differentiable manifolds are topological spaces endowed 
with a subsheaf of continuous functions closed under smooth operations, 

P3 : Diff ^ Diff is a codomain fibration since pullback of a surjective submersion is a 
surjective submersion, 

P4 : Jet °° (Diff ^) Diff~* is not a fibration (if we admit arbitrary fibre bunble arrows 
between objects in Jet °° (Diff ^)), but it is a structure over Diff^ (see 2.1.1), 
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P5 : Sub(Jet°°(Diff^)) ^ Jet°°(Diff^) is a 'subobject' fibration. 



Lemma 1.1. Every functor F : C — > B factors through a free fibration C > l/F where 

dom 




B 



i : C ^ 1/F : 



C ^ 1 



C e ObC 



^f,C^C')^{F{f),f) f€ArC 



□ 



Taking (co)cartesian morphism over f : B' ^ B G Ar B depends on the choice of an object 
E e ObEs (respectively, E' e OBEb') and the choice of an arrow fs ■ E' ^ E (respectively, 
fs' : E' E) in the isomorphism class. 



Lemma 1.2. 



E 



For a (co)fibration p 



, an arrow f : B' ^ B G ArB, and a choice Je'-E'^E \/E g ObEs 



B 

(respectively, f'^:E'—>-E ME' e ObEB') there is a functor Cart/ :Eb—>- ^b' ■ 
( E^difs) E e 06Eb 



E[^E^ 



I 



{g : El —I- E) Cartf{g) s.t. 3!Cart/(g)i 

4- 

E' . > E 

fE 



g g e ArEi 



respectively, Cart/ : Eb' — > Eb : 

f E'^cCfE') 



E' e Ob^B' 



{g:E[^E')^Cartf{g) s.t. g 



E[ ^.^i 

I 



I 3! Cart/ (s) g £ Ar^B' 
Ar 

E' — — >E 

/e' 



For any two such choices of (co) cartesian morphisms fs, V£J € Eb and fs, VF S Eb the 
corresponding functors Cart / and Cart / are isomorphic. 



Proof is straightforward. See [Jac] 



□ 



Another equivalent description of (co)fibrations is via (co)contravariant pseudofunctors 
B ^ CAT. 



Proposition 1.1. 
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For each choice of (co)cartesian liftings for all arrows f : B' ^ P{E) (or respectively, f : 

E 



p{E) B' ) in the base category of a (co)fibration p 



there is a corresponding pseudofunctor 



: B ^ CAT : 



B 

/H^Cart/ /GArB 

• Conversely, for a given (co)contravariant pseudofunctor F : B — > CAT there is a (co)fibration 
E p 



PF 

B 



('Grothendieck construction^. 



ObEp are pairs , E G ObF{B), B e ObB 

ArEp are pairs G ^f{(^1) ' {b'}) ^ ^ PiB){E,F{f){E')), f G B{B,B' 

(E^F{\b){E) 

or respectively, 

ObEp are pairs , E G ObF{B), B G 06B 

^rEf are pairs G E^ ((i;, B), (£;', B')) e F{B'){F{f){E),E'), f G B(B,B') 

. fF{lB)iE)^E 

^ Ai\ , fv\ (E'\ (E"\ , 

/or „ : „ ^ „, ana I • I r>/ ^ I n// ^"■^ composite 



fj \BJ \B'J \gj \B'J \B" 
y\ JA . f ^ \ ^f^^^^ w:F{go f){E) ^ F{g){F{f){E)) F{g){E') ^ E" , 



9 J ° KfJ ' \9°f 
Pf is the projection onto the bottom component in both cases. 
• Two processes above are (weakly) inverse to each other. 

Proof is straiglitforward. See [Jac]. 

(It is essential for Grothendieck construction that every (co)fibration p 



E 



is equivalent to 



B 
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(co)fibration P2 



P 

where 
B 



P2 is the projection onto the bottom 



component, and that every morphism in E factors through (co) cartesian one) □ 

2. Almost structures 

E 

Definition 2.1. Structure of type E on (objects of) category B is a functor p 

which is ^ 

• faithful 

• admits hfting of iso's of type f : B' P{E) (or, the same, / : p{E) B') 

• each fiber E^ is skeletal □ 

E 

Lemma 2.1. Let p he a structure on B, E',E" G 06(Es) for some B e 06(B). 
B 

The following are equivalent 

a) E' = E" 

b) \/E e 06E p(E{E,E')) =p{'E{E,E")) 

c) \/E e 06E p{^{E',E))=p{¥.{E",E)) 

d) VE e 06 Es Es (£;,£') = ?) iff F,b{E,E") = 

e) VE e ObEe Eb{E',E) = 'Eb{E",E) = 

Proof, a) => b),c),d),e) is obvious. 

b) ^ a) Take E ^ E' and E^ E" then 3f : E' ^ E" and 3^ : E" E' such that p{f) = 1b = 
p{g). So, p{f o g) = p[g o f ) ~ 1b- By faithfulness of p and skeletal condition on Eg, / and g 
are trivial iso's. 

c) => a) is the same as b) => a). 

d) ^ a) Take = iJ' and E = £" then 3f : E' ^ E\ f is vertical, and 3g : E" E', g is 
vertical. So, f o g = 1e" , g o f = 1e' ^ E' :^ E" ^ E' = E". 

e) =^ a) is the same as d) ^ a). □ 



E 

Proposition 2.1. For structure p 

B 

cartesian morphisms, just identities. 



on B each fiber Eb is a poset category with (vertical) 



Proof. Es is a preorder since 3 at most one morphism between objects (p is faithfuU). E^ is a 
partial order since all isomorphic objects are the same (skeletal condition). Cartesian lift of iso 
is iso, so cartesian lift 1b is an identity (since E^ is a partial order). □ 
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Proposition 2.2. 

• Fullback of a fibration is a fibration, 



F*E > E 



Fullback of a structure (on'B) is a structure (on A) p 



Froof. 

• Fullbacks in CAT exist and they are certain subcategories of direct products. Cartesian 
morphisms are preserved under puUbacks which is seen from the following diagram 



{A",E" 




{uow,ot) 





FA" 



Fw 



FA' FA 



(where: p{E) = F{A), p{a) = F{u o w), v is cartesian over F{u)). 
E F*!!, 



• If p 



admits lifting of iso's of type B' p{E) then p' 



admits lifting of iso's of the same 



B A 

type (obvious). If p is faithful then p' is faithful (assume, p'{u, v) = p'{u, vi) = u then F{u) 



F*E 



p{v) = p{vi), so, V = vi). Fibres of p' 



are skeletal (assume, (1^,1') : (^, ^ {^,E) is 



an iso in (F*E)a then v : E' E is an iso in Ep'(^), so, E' = E, and {A, E') = {A, E)). □ 

Partial cases of a puUback arc 'fiber' and 'intersection of structures': 
Eb J-E EiAE >E 



^^B 



El 



^B 



Remark. The notion of 'structure on objects' of a category was introduced in [Kom] in order 
to deal with usual structures in Differential Geometry like smooth structures or fibre bundles 
on topological spaces. However, it turned out too weak (no inverse and direct images) and 
too strict (skeletal fibres) simoultancously. Appropriate framework was created with theory of 
(co)fibrations. Nevertheless, a weaker notion of almost structure emphasizes direct connection 
with the main structure, which is the case of importance especially when almost structure is 
introduced on hom-sets. 
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Proposition 2.3. For each structure 



E 



B 



E 



of type E on objects of category B 
f E \ 



there is an embedding ip : p 



V 

B t \p{v) 

p{E{-,E)) ^ B{p{-),p{E)) : E^P Set (hom-subfunctor) 



(^^^^.jj ^^p(E(-,-B)) on objects 
-^p{Ei{—,v)) on arrows 



Proof. Functor iality is obvious. Injectivity follows from Lemma 2.1.1.1. 



□ 



Remeirk. It means that every structure E on objects in B is faithfully representable by a 
specific subcategory of B-hom-subfunctors (in which sufficient to take arrows of only simple type 

/°-). 

The reasonable question is if can an object E G 06E be recovered from a functor F ^ 
B(p(— If can it is unique but the answer is no, in general. Even when it is impossible 
subfunctor F ^ B{p{—),p{E)) behaves like an object in E. 

Definition 2.2. 

• Arbitrary subfunctor F ^ B(p(— ), B) : F;°p Set is called almost-E structure over object 
B G ObB. 

AE 



• Category 



/F\ ffo- 
with objects ( ^ 1 1 B & ObB, F ^ B{p{-), B) and morphisms I ^ 



f : B ^ B' is called a category of almost-E structures over B. 



B 

'B{p{-),fr 
f 

• Almost-E costructure over _B G 06B is a subfunctor F' ^ B(_B,p(— )) : E — > Set [almost 
costructures are not dual to almost structures, they behave all together in a covariant way]. 



Category 



^'E 

with objects I , i? G ObB, F' ^ B{B,p{—)) and morphisms / : 



B 



BJ' ' // r- . 

^ if / : B ^ Si G ArB and VFi G ObE, G B{Bi,p{Ei)). gofG B{B,p{Ei)), 

is called a category of almost-E costructures over B. □ 

Example 

Take T>o\y{Ei,E2,...,En;-) ^ Set{p(Ei x ••• x En),p{-)) : Vect Set, subfunctor of 
polyhnear maps. Then Poly(+, +,...,+; —) : Vect" Set^®*^* determines a subcategory of 
almost- Vect costructures over {po (x"))(Vect"') ^ Set {p : Vect — > Set is forgetful). 
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E 



Proposition 2.4. For a structure of type E on B p 



AE 



B 



is a fibration; 



E AE 



B B 



B 



is a subcategory 



Proof. 



AE 



F 



If I ^ I e 06 



and f :B' ^ B take 



B 



f*F := {g : p{X) ^ B' \ X G ObE, f o g e F{X) C B{p{X), B)}. Then f*F ^ B{p{-), B') 

F" 

^foko- 

is a subfunctor, and ( j > i S ' cartesian over / B" ^ f*F — —4 F 




Assignment < 



{p{E)) ^ ^ on objects 



gives the required embedding. 



p{E{—,v)) = B(p(— ),p(ti)) on arrows 



□ 



3. Enrichment with generalized elements in hom-sets 

Definition 3.1. 1-category C is enriched in tensor category (V, J, (8)) [Kel, Bor2] if 

• Va;,2/eObC C(x,y)eObV 

• Va;, y, z G Ob C lJ'x,v,z '■ C{y, z) ® C(x, y) C(x, z) G ArV 

• Va;, y,z,w G Ob C 

{C{z, w) (8> C{y, z)) O C{x, y) — ^ C{z, w) ® {C{y, z) O C(a;, y)) C{z, w) C(a;, z) 



C(m;, 2/) C{x, y) 

• Va; G Ob C 3 : J ^ C(a:, a;) G ArV such that 

C{x,y)i — I®C{x,y) C{z,x)<^ 

C(a;, a;) C{x,y) 



-4 C{x,w) 




C{z, x) ® C(a;, a;) 



□ 
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Generalized elements in hom-sets are just parametrized families of arrows in the same way as 
continuous or smooth families of maps. They form almost-C structure on hom-sets of category 
C [Kom]. 

Definition 3.2. Assume, C has binary products and | - 1 : C ^ Set is a faithful functor. 
Then Set-map f : \Z\ C{X,Y), Z e ObC is called a generalized (or acceptable) element 
of C{X, Y) with domain |.^| if arrow / o 7^ can be lifted to C 



c{x,Y)x |x|^^|r| 

/xl 



\Z\ X \X\ 
\Z X X\ 



f 



where: 72 is the mediating arrow to product, ev{g,x) := \g\{x) 



□ 



Denote g{\Z\, C{X, Y)) ^ Set(|Z|, C(X, Y)) subset of generalized elements of C{X, Y) with 
domain \Z\. 

Proposition 3.1. Assignment Z 1— > Q{\Z\,C{X,Y)) is extendable to a functor 
e(|-|,C(X,y)) :C°f ^Set. 

Proof. Assume, a : Z' ^ Z is a.n arrow, / G g{\Z\, C{X,Y)) is a generalized clement. We need 
to show that / o a G Q{\Z'\,C{X, Y)) is a generalized element as well, i.e., that 3h : Z' x X ^ Y 
such that \h\ = et; o (/ x 1) o (a x 1) o 7^/ = / o (a x 1) o jz'- 



Since 72 : x X| — > \Z\ x |X| is natural in Z 



\Z' X X\ 

|axl| 
\Z X X\ 



^\Z'\ X \X\ 

a| X 1 1 

^ \Z\ X \X\ - 



^\Y\ 



the requirement will he 3h : Z' x X ^ Y such that \h\ = / o 72- o |a x 1|. By assumption on /, 
3g : Z X X ^Y such that \g\ — f o 7^. So, take h := g o (a x 1). □ 



Proposition 3.2. // | 



Set is a faithful functor which preserves binary products, then 



category C is enriched with generalized elements in presheaves category Set 



Proof. 

• yX,YeObC (g(|-|,C(X,r)) : C°P ^ Set) e 06(Set*^ 

• yX,Y,Z e ObC take hx,y,z ■ g{\-\,C{Y, Z))^g{\-\,C{X,Yy) g{\-\,C{X, Z)) such that 
yW GObC fix,Y,Z;wif,g) ■■= iJ'X,Y,z ° < 1.9 > whcrc: ^^^^ . c(F,Z) x C(X,y) ^ 
C{X, Z) is the composite in C, < f , g >: \ W\ ^ C{Y, Z) x C{X, Y) is the mediating arrow to 
product. iJLx,Y,Z;W is natural in W since (/x^ y z ° f . 9 ^) °VA — l^x y z ° ^ f ° \h\.9° \h\ > 
iov h-.W ^W. 

Why ev o {{fj,^ ° < f,9 >) x 1) ° 7 can be lifted to C? By condition, 
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IW^xFI |WxX| 



Sufficient to take 7 = 1. 




\W\ X \W\ X \X\ 

<1 |W| ,1| W] > X l|x| 

\W\ X \X\ 
I 7=1 

\W X X\ 

The required dotted way ev o ((/^^ o < f,g >) x l|x|)°7 can be lifted to C since the most right 
way / o (l^'i X g) o (< l\yy\, l\yy\ > xl|x|) o l^yxXl can be lifted (for take liftings for f,g and 
identities for identities). 

• (associativity) V/,.g,/i such that f : \W\ ^ C{Z,Z'), g : \W\ ^ C{Y,Z), h : \W\ ^ C{X,Y) 
i^^.z.z' ° < /' f^x,Y.z ° < .9j ^ >>= l-i'x,Y,z' ° < Mr,z,z' ° < f-:9 >ih > because the equality 
holds at each point w G \W\. 

• (identities) VX e OhC take ux-w ■ 1 ^ Set{\W\,C{X,X)) : * ^^ (w ^ Ix)- It is natural 
in W and \/f,g such that / : \W\ C{X,Y), g : \W\ ^ C{Z,X) the equalities hold 
^*^o < f,ux-w > {w) = /x^(/(w),ljc) = f{w), n'^o < ux;w,9 > {w) = iJ.^{lx,9iw)) = 
g{w) w e \W\. □ 

Corollary (refinement of Proposition 3.2). Under the above assumptions (C has binary products, 
I - 1 : C ^ Set is a faithful functor preserving binary products) horn-sets of C enriched with 
almost-C structure of generalized elements. 

Proof is immediate (because prcsheavcs of generalized elements are of specific form 
gi\- \, C{X,Y)) ^ Set(|- 1, C(X, y)) and /i is actually postcomposite M*^ o -). □ 

We mean further that C is AC-category if this specific enrichment with generalized elements 
is given. Moreover, we call D is AC-category if it is enriched with presheaves of generalized 
elements with domains in C. 
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Remark. All usual concrete categories, like Top, Grp, Rng, etc. carry corresponding almost 
structures (which in some cases can be strict). 

Example 

Proposition 3.3. If X is a locally compact topological space (so that, family T of topologies on 
Top{X,Y) for which evaluation map ev : Top{X,Y) x |X| — > |y| is continuous is not empty and 
contains minimal element, compact-open topology on Top{X,Y)) then t gT is compact-open iff 
yZ e 06 Top each generalized element f : \Z\ ^ Top{X,Y) is continuous. 

Proof. " => " Regard the diagram 

Top{X,Y)x\X\ ^^^m 



Z\ X \X\ 



We want to show that f : \Z\ ^ Top{X,Y) is continuous (with compact-open topology in 
Top{X, Y)) if f : \Z\x \X\ — > \Y\ is continuous, i.e., that Vz G \Z\ V (subbase) compact-open set 
3 f{z) 3 nbhd V 3 z such that f{V) C . It is equivalent that Vz G \Z\ VJ7^ 3 f{z) 3V 3 z 
such that f{V x K) C U. Since / is continuous V(z, x) G {z} x K and V open U 9 f{z, x) 3 open 
nbhd Vz X Wx 9 {z, x) such that f{Vz x Wx) CU. (J D K (open cover). So, by compactness 

n n 

of K, 3Wa;i, Wa;„, such that |J W^^ D K. Take V := fl (^Oz^ where {Vi)z corresponds to 

1=1 i=l 

W^^ (i.e., (V)z is open, (F,), 3 z, f{{Vi)z x W^,) C U). Then f{V xK)cU. 

" <S= " Take Z = Top{X,Y) with compact-open topology. Take Top(X, F) itself (on the top 
of the diagram) with non minimal r e T, f := 1 € Ar Set. Then 1 : Top(X, Y) Top(X, Y) 
is an admissible generalized element, since ev is continuous, but 1 is not continuous. □ 

Remeirk. Therefore, for locally compact space X almost- Top structure Q{\Z\,Top{X,Y)) 
coincides with compact-open topology, i.e., is actually Top structure. 

If we agree that functor Q{\-\,C{X,Y)) : C"^ — > Set reflects essential properties of C-hom- 
sets we immediately get a unique (up to isomorphism) extension of each functor _F : C ^ D, 
i.e., deal with C-hom-sets as with C-objects. In this way, for example, tangent or jet functor can 
be introduced directly on Aut(X), X s 06Diff to give rise a calculus on Aut(X). Possibility 
of such an extension follows from the fact that each presheaf is a certain (canonical) colimit of 
represcntables [Mac, M-M]. 



Proposition 3.4 

Yoneda embedding y : C — > Set is a universal cocompletion of C, i.e., M F : C ^ E, where 

Set 



E is cocomplete, 3 ! (up to iso) cocontinuous F : Set^ " — > E such that 



F{P) = Colim{J^ P C E), where P e 06Set^ " , J^P is a category of elements of P, 
TT is the natural projection. 
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Set'-)"" 

• Cat Cocomp , adjunction between Cat and full subcategory of cocomplete cat- 

forgetful 

egories Cocomp with Yoneda embedding yc ■ C Set as a unit. 

• Each functor F : C — > D admits a unique (up to iso) cocontinuous extension F : Set*^ — > 

Set° " such that Set^"" - - ^ Set^"" 

yc VD 

c — - — >n 

Proof See [M-M]. □ 
For example, if T : Diff Diff is a tangent functor, Diff (X, Y) is a presheaf on Diff (hom-set 
enriched as above) then r(Diff (X, Y)) = J^.^ Diff (X, Y) A Diff ^ Diff ^ Set°''^°^ 

3.1. Tangent functor for smooth algebras. 

It is an example of dual (and invariant) construction for the main functor of Differential 

Geometry (which gives suggestion how it can be extended over spectra of commutative algebras). 
Let T : Diff — > Diff be tangent functor on the category of real (X)-smooth manifolds. In local 

TX : (x^) ^ {x\^^) XeObDiS 



coordinates it looks like 




Tf : (/'(.x)) ^ (.f (.t), e) f e Ar Diff 



Si 

Diff ^ M-AIg°^ is a subcategory of the opposite of real commutative algebras. Working in 
Diff it is hard (if possible at all) to give coordinate-free characterization of T. The question is 
how it looks like in K-AIg? 

Definition 3.1.1. Let A G 06]R-Alg. 

• p : A ^ Top(SpeC]j(^), R) is called functional representation homomorphism of A, where 
SpeC]j(>t) = M-Alg(>l., M) with initial topology w.r.t. all functions p(a), a G A, p{a){f) := 

ev{f,a) :=|/|(a). 

• Ais called smooth if Vai, a2, a„ e and V/ : M" ^ R G C°°(K") the composite 

/o < p(ai),p(a2),...,p(a„) > e Im(p). □ 

Denote by M-Sm-Alg ^ M-Alg full subcategory of smooth algebras. 

Lemma 3.1.1. M-Sm-Alg ^ M-Alg is a reflective subcategory, i.e., the inclusion has a left 
adjoint Sm : R-Alg — > R-Sm-Alg, smooth completion of M.-algebras. 

Proof. Just take for each R-algebra A R-algebra Sm(>l) of all terms {/(oi, a„) | / : R" — > 
R, ai, a„ G A} (all smooth operations are admitted). Each morphism / from an R-algebra A 
to a smooth alebra B is uniquely extendable to / : Sin(>l.) — > B. □ 

Let Sym-Alg be a category of symmetric partial differential algebras. Ob (Sym-Alg) arc 
graded commutative algebras over commutative R-algebras with a differential d : A° ^ A^ 
of degree 1 determined only on elements of degree {d is R-linear and satisfies Leibniz rule). 
Ar (Sym-Alg) are graded degree algebra homomorphisms which respect d. 

Sym 

Lemma 3.1.2. There is an adjunction R-Alg -L * Sym-Alg , 

Po 



where: po is the projection onto 0-component 



Po{A) := A° 

Po{A ^ B) := (.4° ^ BO) 
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Sym is taking symmetric algebra over module of differentials of the given algebra 
Sym(C) := Sym(Ai(C)) 

Sym(C V) := (Sym(C) ^ Sym(P)) 

hiEci^.-.i^idciY' ■ ■ ■ {dckY") ■.= j:h{cii,„i.){dh{ci)y^ ■ ■ ■ {dhick))'" □ 



Lemma 3.1.3. 




Sm-Alg 



Spec„ (smooth completion does not change spectrum). 



Top 



Proof. Va : .4 ^ M 3! extension a : Sin(^) — > R : /(ai,...,a„) /(a(ai), . . . , a(a„)). And 
conversely, each such a is uniqely restricted to a. Initial topology on ]R-Alg((Siii)(^), M) does 
not change because new functions are functionally dependent on old ones. □ 

Remark. With Zarisski topology in spectra smooth completion yields the same set with a 
weaker topology. For C°°{X), X £ 06DifF Zarisski and initial topologies coincide. 

Proposition 3.1.1. • Tangent functor T : R-Sm-Alg M-Sm-Alg is equal to the composite 

M-Sm-Alg ^ 

and grading. 



Sm-Alg ^ K-Alg Sym-Alg R-Alg M-Sm-Alg, where U forgets differential d 



TX T(C~(X)) 



To canonical projection px 



there corresponds canonical embedding ic<*>(x) 

C°°{X) 



Proof. 

• If X G 06Diff TX ~ SpecK(J7 o Sym(C°°(X))) ~ Specii(Sm oU o Sy\n{C°°{X))). 

• immediate. □ 

Remark. It is reasonable to define T on R-Alg as T := [/o Sym and transfer it to spectra 
via duality R-Alg"^ Spec^ {as F oT°p oG). 

G 

4. General manifolds 

E 



Definition 4.1. Functor f 



is called a fibration with respect to class of arrows C C Ar B 



B 

if \/f -.B' ^ F{E) e C 3f : E' ^ E G ArE such that / is over / and / is cartesian. □ 
Definition 4.2. [M M] 

• Grothendieck pretopology tq on a category B with puUbacks is a family of coverings tqb 

for each object B G OfeB (elements of a covering are just arrows with codomain B) such that 

• \i f : B' ^ B is an iso then {/} G tqb is an one-element covering 

• li g : B" ^ B ]s an arrow and c G tqb then puUback family plbkg(c) G tqb" 

• (coverings arc composable) if c G tqb and MB' G d{c) there is given a covering Cb' G tqb' 
then CO U cs' G tqb 

B'ed(c) 
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• Grothendicck topology r on a category B (not necessarily with pullbacks) is a family of 
hom-subfunctors tb for each object B G Ob B such that 
. B(-,B) ers 

• if /: S' ^ B and t e Ti3 then the inverse image (/*(t) : X (/*t)(X, B') C B{X, B')) G 

TB' {h€ f*{t)iX,B')iS fohet{X,B)) 

• if 5 ^ B(— , B) is any hom-subfunctor such that yf:B'—^Bf* (5) € tb' then s G tb □ 

Every topology is a prctopology if B has pullbacks, and every pretopology generates a topology 
[M-M]. Category B with (pre)topology is called site (B,r(o))- 



E 



Definition 4.3. [Kom] Functor f 



(B,To) 

elements of all coverings [j [J tqb- 

BeObB 



is called local if it is a fibration with respect to all 



E 



Definition 4.4. For a given functor to a site p 

(B,To) 

is called E-manifold structure over B. It means 



□ 

E-Man < ^E 

smallest local functor P" 



(B,To) 



• VX e E-Man 3 covering Cpp(x) = {i : -Bj — > pF{X)}i^i € Topp(x) such that there are 
inverse images i*{X) e O&E (i.e., E contains isomorphic representatives of the inverse images) 

• \/f : X' ^ X G E-Man 3 coverings c'^^^x') = {«' ■ ^'i' ^ Pf{X')} G Top^(x') and 
CpF(x) = {i : Bi ^ Pf{X)} G roj,p(x) such that Vi G Cpp(x) 3i' G Cpp(x') such that 



B', 



3^ 



-^Bi 



i'*{X')-^-^i*{X) 



and over it 



pp{X')—-^PFiX) 

PfU) 



X' 



^ X 



i', i arc cartesian, Pf{^) = f, $ G Ar E (arrows arc locally in E) 
• E-Man is maximal with respect to two above properties 

Examples 



□ 



Set 



1. Set as a manifold structure 




3 Spt • 



where Setj^j is a category of sets with 



(Set, To) 

injective maps only, tq is a pretopology consisting of all families of injective maps with common 
codomains. 

C'-Manfc < >TrivC"'-Manfc 



2. Differentiable manifolds 



where k ■ 



or 



(Top, to) 

To consists of all open coverings, r = 0, 1, 00 (or w for complex manifolds), 
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Ob (TrivC-Manfe) = {k°, k^, fc", ...} 
Ar (TrivC-Marifc) = C-maps 



Bn {£,p) i 3Bno {£,p) 



3. Locally trivial fibre bundles 



(see 5) 



(Man^,To) 
Fol{£,p) i ^Folo {£,p) 



4. Foliations over Man 



associated to AMan-functor sequence 



(Man, To) 

£ Man ^ Top (see 5), where: Man is a category of manifolds (of type £') over Top, 
To are all 'open coverings' of objects in Man, FoIq {£,p) = Bno {£,p) is a category of trivial 

Folo{£,p) 



foliations ('direct products') with leaves in £, projection functor 



is the first (top) 



(Man, To) 



Bno {£,P) 



component of projection 



(to are different in these two cases and corresponding 



(Man^,ro) 
categories of manifolds are glued differently). 



E 



5. E-manifolds over Top. Let ^ 



be a local structure on Top with tq, all open coverings. 



(Top, to) 



E 



Local E-map on a topological space X is a pair ( ^ j G Ob 



E 



, U is open. 



(Top, to) 

Family | ( | is compatible iff V(i,j) G P -Bi 1(7^0(7, — > Uj\u,r\Uj, is a vertical iso. 

E-atlas ^ on X is a compatible family | ( ) \ such that \ \ Ui = X. 

Two E-atlascs A and A' arc equivalent iff ^ U is still an E-atlas on X (so, there exist 
maximal atlases, call them Amax, Bmax^ etc.). 

The above 'equivalence' on atlases is not transitive in general. So, there can be different 

E 

maximal atlases containing a given one. But, it is transitive if V , ( C/) ^ 

Top 



and V open covering \J Ui D U E\ui — ^ E'\ut (for all i G I) imphes E E'. 

vert vert 

Topological space X together with an E-atlas A on it is called E- manifold, i.e., {X,A) G 
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06E-Man. 

An arrow in E-Man is / : {X, A) {Y, B) such that f : X ^ Y is continuous and 
V (^^^ e A, (^^^ € BiiUn f-\V) ^ then f\unf-HV) ■ U n r\V) ^ V admits 
(unique) Ufting f\ur\f-\v) ■ E\unf-Hv) ^ E' G ArE. 



5. Fibre bundles 



Locally trivial fibre bundles give an important example of general manifolds over Man^ 
[Kom]. 

Definition 5.1. Category of trivial fibre bundles Bno(f,p) over Man^ with typical 
fibres in a category £ consists of the following data 

• £ ^ Man Top, where £ and Man arc AMan-categorics, p is ^Man-functor, tt preserves 
binary products [i.e., Man is enriched in Set'^'*" with presheaves of generalized elements 
Q{\ - 1, Man(A, A')) for each hom-set Man(^, A'), £ is enriched in Set"^*""" with subfunctors 
'H{\-i£{E,E')) ^ Set{\-l£{E, E')) for eachhom-sct £{E, E'), pE,E'-x ■ HQXl £{E.E')) 
g{\X\,Man{p{E),p{E'))) : / ^ pe,e' o / is natural in X € 06Man, pe,e' ■ £{E,E') 
M.a.n{p{E),p{E')) is the restriction of functor p on the hom-set] 

• 06Bno {£,p) := {{X,E)\X € ObMan,E€ Ob£}; 

^ {X',E') \f:X^X',^G n{\X\,£{E,E'))} 
{X, E)^ Xx p(E) ^ X {X, E) e Oh Buq {£, p) 

X X p{E) > X' X p{E') 



ArBno {£,p) ~ {{X,E) 



functor 



Man 



PI (/,$) e^rBno(£,p) 



where (j) := evo{{pE^E' o $) x Pe,E'0<^ e g{\X\,Man{p{E),p{E'))) 



□ 



Definition 5.2. Category of locally trivial fibre bundles Bn(5,p) over site (Man~*,To), 
where to is pullbacks of all open coverings of codomains (i.e., if q : Y ^ X £ 06Man~* and 

— — ^ Ui}iei is a covering of q), is a manifold 

□ 



{Ui}i^T is an open covering of X then {q ^{Ui) 
structure of type Buq {£,p) over Man^. 



A usual way of construction of new fibre bundles from old ones is by fibrewise operations. 

Let £ ^ Man ^ Top and £' Man ^ Top be two sequences generating categories of 
fibre bundles Bn(f,p) and Bn((S',p') of types £ and £' , respectively, F : £ ^ £' be an 
j4Man- functor. Then there exists a corresponding functor Bn(i^) : Bn(£,p) — > Bn(£',p'). 

Denote by AMan-CAT an 1-catcgory such that 

'Ob (^Man-CAT) 9 {£,p), if £ is AMan-category, p : £ ^ Man is ^Man-functor 

^Ar (AMan-CAT) 9 [F : {£,p) {£' ,p')), ii F : £ ^ £' is AMan-functors 

and by Buq and Bn subcategories of 1-CAT consisting of categories of trivial and locally 
trivial fibre bundles with fibres of a fixed type (i.e., of categories like Bno (f ,p) and Bn(£,p)) 
and functors preserving atlases as arrows (see 2.5, remarks). Of course, Buq {£-iP) ^ Bn(f 



Proposition 5.1. There are functors Bno (-) : ^Man-CAT -> Bno ^ 1-CAT 
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{£,p) H^. Bno {£,p) 
{F:S^S')^ Bno {F) : 



iX,E) ^ iX,F{E)) {X,E) e Ob (Bno i£,p)) 



on objects 



on arrows 



(/,$) ^ {f,FE,E'0^) (/,$) e Ar {Bno i£,p)) 

and Bn(-) : AMan-CAT ^ Bn 1-CAT, such that Bn(-) = Man(Bno(-)) (see 6, 
remarks) (i.e., to each fibrewise functor there corresponds an actual functor on fibre bundles). 



Proof. The given assignment for Bno (— ) is obviously functor ial. If ^ := 



Ui X p{Ei 



Ui 



IS 



an ^^-atlas for 



X 



B 



e 06(Man^) then A! 



Ui X p'{F{Ei)) 



X' 



is an £"'-atlas for 



Bn (F) 



X 



B 



A 



Ui B 
G 06(Man^) (i.e., essentially, A' is a compatible family of arrows, if A is 
X' 



compatible, and can be glued to an arrow 



). So, Bno {F) and Bn(F) preserve atlases. □ 



B 



Remark. Similarly, there can be defined fibrewise functors of more than one variables (e.g., 
Bn(f,p) X Bn{£',p') B-a{£" ,p") induced hy F : £ x £' ^ £" , an AMan-functor). In this 
way usual fibrewise operations like x, ®, (g), etc., are introduced. □ 



6. Stacks and construction of general manifolds 

Stacks give an example of relative higher order Category Theory, n-categories form an 
(n+ l)-category, so that (forgetting set-theoretical diflaculties) Hom(„_|_i).cAT(C,n-CAT) is an 

n-category. 

Definition 6.1. Let (B, r) be a site (B is 1-catcgory), F : B°p — » n-CAT be a (weak) functor. 

• For a sieve ig s ^ B{—,B) {n — l)-category Desc(s,F) := IIom(„_|_i)_cAT(S) is called 
descent data for functor F and sieve s. 

• VB G 06 (B) and V sieve is '■ s ^ B{—. B) there is an induced (restriction) functor i* : 
Hom(„+i)_cAT(B(— , S), i^) Hom(„_|_i)_cAT(s; -F")- If is full and faithful! (VB and Vs) 
then F is called prestack. If, moreover, it is an equivalence F is called stack, i.e., F is 

prestack iff VB,s Hom(„+i).cAT(s, < Hom(„+i).cAT(B(-, B), F) — ^ F(B) 

full, faith. Yoneda 

and stack iff ?'* is an equivalence. □ 

For n = 1 there is another definition of stack via matching families [Moe, Vis] . 

Denote by PreSt(B°P, n-CAT), St(B°P, n-CAT) Hom(„+i).cAT(B°P, n-CAT) full sub- 
categories of prestacks and staks respectively. 

Proposition 6.1. Both inclusions 
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St(B°P, l-CAT) r^ r , PreSt(B°P, l-CAT) r"^ -L~, Hom2-cAT{'B°P , 1-CAT) 

io ii 



have left adjoints. 
Proof. See [Moe, Vis]. 

Construction of manifolds of type E over site (B,t) 

1. Factor (l)-functor F : E — > (B,t) through a free fibration (see Lemma 1.1) 
1/F 



E 



□ 

dom 

B 




2. For fibration dom 



form a corresponding (weak) functor F : B°p — > 1-CAT and complete 



B 



it to a stack ($ o : B°p 1-CAT with respect to topology t. 
3. Get back (by Grothendieck construction) from stack ($ o 'if)F : B°p 



1-CAT to a fibration 



E^ 



B 



'1/F 



dom 



4. Choose a (correct) class of arrows At in B representing 'embeddings of simple pieces into 
manifolds'. 

5. Take a full subcategory E-Man ^ E consisting of all objects {B,£) € Ob(E) such that 
3 a sieve s ^ B{-,B) (depending on B) and V/ e s Cart/(£:) = (($ o ^)F{f)){£) : {df 

E-Man C > e < ^ ^/F 



F{E)) G M for some E e 06(E). Then 

category of manifolds of type E over base site (B, r). 
Remarks. 




is the required 
□ 



• Depending on the choice of class Ai categories E-Man will be different (so, Ai is an additional 
parameter). For cases of usual manifolds (smooth real or complex) M. is always class of 
topological embeddings of open subspaces. 

• An object {B, £) in E-Man consists of a base object B and an 'atlas' £, where f is a class of 
compatible charts {U — > F{E)) e M, U e Ob{ImF), e E. All arrows are represented by 
vertical arrows for the stack completion of 1/F. 

• Im(pF) 3 Im(F). 



E-Man 



The resulting category of manifolds 



PF is not usually a fibration. 



B 



• Denote by Mano 1-CAT a category consisting of subcategory of E-Man of trivial mani- 
folds of type E for each type E and functors 'mapping E-atlases to E'-atlases'. Respectively, 
by Man ^ 1-CAT a category consisting of E-Meui for each type E and functors 'mapping 
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E-atlases to E'-atlascs'. Then 3 'manifoldification' functor Man(— ) : Mano Man. In- 
clusion functor Ob (Mano) 5 E-Mano ^ E-Man e Ob (Man) is natural in E (and itself is 
preserving atlases). □ 

Example (single manifold) 
Let E =category consisting of fc",n = 0,1,..., (k = R or C) and all smooth (analytic) local 
isomorphisms, A4 be embeddings of open subspaces, B =union of category of open subsets of a 
space X with inclusion arrows, category E, and arrows from M with codomains in E, F : E — > B 
be the inclusion fimctor. Assignment X C U ^ {/ : U = 0,1,...,/ £ A4} gives a 

prestack on X. It is a nontrivial stack iff X is a manifold. {X, £) e Ob (E-Man) iff £ is an atlas 
on X. 

7. Lifting problem for a group action 

Let Grp be a category of groups, (— )Grp : 1-CAT 1-CAT be a functor which assigns (in 
an obvious way) to each category without group action a category with groups actions, namely, 

C ^ Grp-C CeOb (1-CAT) 

(F : C C) ^^ (Grp-F : Grp-C ^ Grp-C) F £ Ar (1-CAT) 

Grp-C consists of triples (G,C,p) (G e 06(Grp), C € Ob{C), p : G ^ Aut(G) is a group 
homomorphism) as objects, and pairs (tr : G — > G',/ : G C) : {G,C,p) {G',C',p') (s.t. 
Vff G G p'{cr{g)) o / = / o pig) ) as arrows, 

(G, G, p) ^ (G, F{G),Fc,c o p) (G, G, p) e Ob (Grp-C) 
(a,/)^(a,F(/)) (a,/) e^r(Grp-C) 



where: 



Grp-F 



[{a, F(/)) is an (equivariant) arrow in Grp-C because F{p' {a{g)))oF{f) = F{f)oF{p{g) 'ig € G] 



E 



Proposition 7.1. // 



p is a structure over B (i.e., all isomorphisms of type {B' ^ p{E)) G 



B 

ArB can be lifted to isomorphisms {E' — > F) G ArE) then 
Grp-B. 

Proof If {if, f) : (G', B' , p') ^ {G,p{E),pop) is an iso then 3 



Grp-E 



Grp-p is a structure over 



Grp-B 



E 



/ 



iso, because p 



B 



is a structure over B. Regard the diagram (of group homomorphisms) 



AutE(F') < 



■ AutE(F) 




P"{9') ■■= OE p{^{9')) OE / 



AutB(S') f- 



■AutB(M^)) 
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;{G',E',p")\ ([^j]) ( G,E,p 

So, 3 ISO ) / > I , I.e. Grp-p 

\{G',B',p')J ^ \G,B,pop^ 



(*) commutes because / 03 p'{g') = {po p){(p{g')) 03 / by equivariance condition. 
(**) commutes because p{p"{g')) = 03 p{p{(p{g'))) 03 / = p'{g'). 

Grp-E 

is a structure over Grp-B. □ 
Grp-B 

E < Grp-E 

There is a commutative diagram in 1-CAT p Grp-p (where horizontal arrows 

B < Grp-B 

forget group actions). So, there exists a forgetful fiber functor Eg <— Grp-E(Q_B ^j. 

Definition 7.1. For a given G-action {G,B,p) e 06(Grp-BB), an object E e 06 (Es) 

Ei \{G,E,p') 

admits lifting of G-action if 3 {G,E,p') e 06 (Grp-E^g s^)), i.e., p Grp-p 

Bi \{G,B,p) 

(essentially, p — pop'). □ 
Lifting problem for a G-action p : G Aut3(i3) is equivalent to completion of the diagram 
of group homomorphisms with exact row 1 ¥ AutEB(£')> ^ AutE(£') — ^— ^ Aut3(i3) 

p'l? ^ 
G' 

where AutEB(-B) are vertical automorphisms of E over B. 

For single element g G Aut3(B) there is a simple criterion of existance of 5' G AutE(-B) such 
that p{g') = g (see [Kom]). 



E 



Proposition 7.2. For a fibration p 



(or structure over g G Aut3(-B) can be lifted to 



B 



g' e AutE(-E) iff Cartg{E) ^ E (vertical iso). 
Proof. '<^' E. 




Cartg{E)^-4E 



B 



-^B 



□ 



E 

Proposition 7.3. If is a structure on B (or (co)fibration with unique (co)Cartesian lifting), 
B 
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and {G,B,p) e 06(Grp-B), then 3 a representation 



Pig) 



where TZ{g) ■ < 



E <'"" Cartp(g)(-E) 

I 

^'^h=— Cart^(g)(^') 




£ G 06 (Es) 



/ e (Es) 



Proof is straightforward. 



□ 



Corollary. If G 06 (Eb) is such that \/g & G Cartp(g)(£) = E then Cartesian lifting 
p{g) p(s') lifts action (G, B, p) G 06 (Grp-B) to the action (G, E, p) G 06 (Grp-E(G,s,p)). □ 

Example (Covering Space) 

E 



A covering space is a (co)fibration 



over groupoid B with unique (co) cartesian lifting in 



B 



which all morphisms are (co)cartesian. Moreover, representation Aut(6) AvLt{Eb), h & Oh (B) 
(induced by (co)cartesian ligting) is transitive on objects of Ej,. 



E 



Proposition 7.4. For a covering space p 



over connected groupoid B 



B 



Aut 



E 



Aut{Eb) (where g G Aut{Eb) tff g o f* ^ f* o g, f* = coCart/, V/ G 



B 

Aut{b)), 

• Aut(£;6) ~ Vr(Stab(e)) ~ 7V(Stab(e))/Stab(e) (where Stab(e) ^ Aut(6) is the stabi- 
lizer of an object e G Ob{Eb), A^(Stab(e)), VF(Stab(e)) are its normalizer and Weil group 
respectively). 

Proof. 

• An automorphism g of covering space p is given by family of fiberwise functors gh, 6 G Ob{B), 
such that f * ogb = gb' o /*, /* = coCart/, V(/ : 6 ^ 6') G Ar{B). Take gb G Aut(£;6) and 
define gb' := h* o gb o {h*)~^ for some h : b ^ b'. Then gb' is well-defined (if /ii : 6 — > 6' is 
another morphism then h* ogbo{h*)~^ = h\ogbo{h\)~^ since {h~[^ oh)* ogb = {h\)~^ oh* ogb = 
gb ° oh* = gbo {hi^ ° h)*, h^^ o h G Aut (6)), and it is an automorphism of covering 
space p (if / : 6' — > 6" then f*ogb' = gb"°f* since f*oh* ogb = gv ° f* °h* , foh : 6 — > 6"). 

• See [May]. □ 
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7.1. Lifting of a groupoid action for a sheaf. 

Definition 7.1.1. Let (Top,To) be a site for all open coverings on topological spaces. 

• Set- valued presheaf P : Top°^ Set is a sheaf iff V sieve S ^ B(— ,5) and V natural 

transformation f : S ^ P 31 f : B(-, B) ^ P such that S > B(-, B) 

I 

I 3!/ 
-I. 
P 

• Cat- valued presheaf P : Top°^ — > Cat is a sheaf iff its object and morphism parts are sheaves, 
i.e., Top°P ^ Cat Set and Top"^' ^ Cat Set are Set-valued sheaves. 

• For presheaf P : Top°^ Cat, space X G 06 (Top) and sieve S ^ Top(— ,X) matching 
family of objects E : S ^ Ob o P (nat. trans.) (or matching family of arrows f : S ^ 
Mor o P (nat. trans.)) has a germ germ^(£^) (respectively, germ^(/)) at point a; e X iff 
3 Colim,^s,im{s)3x{E{s)) =: germ^(^) (respectively, Colim,^s,im(s)3x{f{s)) =■ germ^(/)) 
(if germ exists it is unique up to iso and does not depend on the choice of sieve S). 

• Etale space is := ]J germ^(£^) (respectively, / := ]J germ^(/)) (depending on two 

xex x€X 

variables: 'point' x £ X and 'matching family' E or /) with topology generated by basic open 
sets (U, {gerin^{E) \ X G U}) (or, (C/, {germ^(/) | a; G U})), U is open in X. There is a 

natural continuous projection p : E ^ X : (.t, germ^(£')) i— > x (respectively, p : f ^ X : 
(x, germj.(/)) x) which is a local homcomorphism. □ 

Lemma 7.1.1. Every fibration is a cofibration with respect to iso's (every cofibration is a fibration 
with respect to iso's). 



E 



Proof. Let p 



be a fibration, and p{E) B' be an iso in B. Then / := (/-i) ^ : E ^ E' 



B 

(where ~ on the right is a cartesian lifting) is a cocartesian lifting of / (obvious). □ 



E 



Corollary. For a (co)fibration p 



for each iso {f : B B') e B inverse image Cart / : 



B 

Es' Eb : sb' f*{sB') and direct image Cart/ : E^ — *■ Eb/ : sb »— >■ /*(sb) (where Sb is a 
'section' (object or morphism) over B) exist. □ 



Grx ^ Top such that 



Definition 7.1.2. 

• For a space X G Ob (Top) groupoid of local homeomorphisms of X is a subcategory 

Ob (Grx) are open subsets in X 

Ar (Grx) are iso's in Top (between open subsets in X) 
(Nonfull) subcategory Grx,x ^ Grx with objects U 3 x and morphisms f -.U V, f{x) = x, 
is called groupoid of local homeomorphisms of X with fixed point x G X. 

• X is transitive with respect to Grx if Va;,2/ G X 3U,V G Ob (Grx), (f : U ^ V) e 
Ar (Grx) such that U 3 x,V 3 y, f{x) = y. 

E 



• For a (co)fibration p 



with unique (co)cartesian ligting and space X £ Ob (Top) two actions 



Top 
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of Grx on local sections over X are defined: 

left action V/ G Grx{U, V) f* = Cart/ : Ey -> : sy f*sv 
right action V/ G Grx{U, V) /, = coCart/ : Ey ^ Ey : S[/ 

(where sy, are objests or morphisms) . 

• To each of actions /*,/* (on local sections of E^) there correspond respectively left and 

right actions of Grx^x on { germ.^{s) \ S is a matching family of local sections of Ex }. If 
= germ^(st/) is a germ at point x presented by a local section su (i.e., s = Colim{su \ )) 

UDVBx y 

then if if -.W ^V)e Grx.x{W, V) 

left action /*5 := germ^((/ | )* (su \ )) 

f-->^iunv) ur\v 

right action /,s := germ^((/ | )^{su \ ))• 

unw unw 

E 

• For a subgroupoid G ^ Grx , ( ^ ) G ( p 



X 



is G-invariant {f : U ^ V) G Ar (G) 
Top 

E 

/*(sy) = Su (or /*(«[/) = sv) (where: Su '■= s\ := {i : U ^ X)*s, p is a fibration with 

u 

B 

unique cartesian lifting (or a local structure with respect to inclusions of open sets), s is a 
section (object or morphism) over X). In other words, G-invariant sections admit lifting of 
groupoid G. 

• germ^ y{f) of a map {f : U ^ V) E Ar (Grx), such that f(x) = y, is an equivalence class of 
maps {g G Ar (Grx) | g{x) = y, 3 opens Wx 9 x, Wy 5 y, such that 3 the same restrictions 
/I =51 G Ar (Grx)}. Assume, = germ^(s[/ J, 5' = germ (s^J. Then 

left action (germ^ j^(/))*s; := germ^((/ | )*(s' | )) 

f-^(vnVi) VnVi 

right action (germ^ ^^(/))^s^ := germj^((/ | )^(s | )). □ 

(!7n!7i) unUi 

Lemma 7.1.2. 

• Let X be a topological space, G ^ Grx be a subgroupoid, Gx ^ G be a subgroupoid of 
pointed maps with fixed point x G X. Then '^x,y G X and V/ G Ar{G), s.t. f{x) = y, 
germ^_^(Gx) = germ^ ,^(/-i) • germj^_j^(Gy) • germ^ j^(/) (for certain unique composite ■ of 
germs of maps). 

S 



If = germ2,(s[/) € C S is a point of etale space 



E 

phisms over X for a fibration p 



(corresponding to objects or mor- 



) then 5x is Gx-invariant iff it is germ^^, ^(Gx)-invariant. 
Top 

If G is transitive on X and is Gx-invariant then Vf,g G Ar{G), s.t. f{x) = y, g{x) = y, 
there is a unique induced germ at point y (germ^, ^(/))*5j: = {■geYva.^ y{g))t,Sx and this germ 



MANIFOLDS, STRUCTURES CATEGORICALLY 



25 



is Gy-invariant (or, respectively, (gerniy ^))*5x = {geriny .j.{g '^))*Sx is a unique Gy 
invariant germ at point y), i.e. Sx can be distributed in a unique way over all X (to give rise 

S 



a section s : X ^ S of etale space 



consisting of invariant germs at each point). □ 



X 



Proposition 7.1.1. For sheaf P : Top"'' — > CAT, space X £ 05(Top), and transitive groupoid 
G ^ Gyx G-invariant sections over X are in bijective correspondence with a subset of Gx- 
invariant germs (of local sections) for a fixed point x G X. 

Proof. To each G-invariant section over X tliere corresponds G^-invariant germ of this section 
at point X. Conversely, by lemma 7.1.2, each Gx-invariant germ generates a section of the 
corresponding etalc space. When this section is continuous there is a global section over X of 
sheaf P (which is locally invariant). □ 

Remark. B.P. Komrakov [Kom] asserts (without a proof) that the above bijective correspon- 
dence is with the whole set of G^-invariant germs. But, without additional assumptions it is 
not clear why the corresponding section of invariant germs is continuous and the sheaf section is 
invariant. □ 



8. Equivalence, groups, actions 

Let 7^ be a category of sets with a given equivalence relation for each set. There are following 

functors 

• forgetful p:Tl^Set:{A,R)^A 

• quotient Q : 7^ ^ Set : {A, R)^ A/R 

• inclusion A : Set -^Tl: A^ [A, Aa), A^ := {(a, a)\ae A) 

Q 

such that 7^^£I^Set, i.e. Set(0(A, i?), B) ^ 7^((A, i?), A(B)) : f ^ f o tt, where 

^ nat.iso 

A — ^^-^A/R is the canonical projection (so, quotient object Q{A,R) represents functor 
n{{A,R),A{-)) : Set ^ Set). 

For arbitrary category C equivalence relation on objects is introduced as usual via hom-sets. 
Definition 8.1. 



• A functor R : C°p TZ is called an equivalence relation on object C £ ObC iff 
(i.e. usual equivalence relations are introduced on hom-sets C(C", C), C" G 



CP ^ > 7^ 



C(-,C)- 

Set 

ObC and they are preserved under precomposition —of, f : C" C). 
• Let Ck be a category such that 

Ob (C-ji) are pairs (C, R), C G ObC, Ris an equivalence relation on C, 

Ar{Cn) are maps {C,R) {C',R'), where {f : C ^ C) G ArC and F : R ^ R' is a. 
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C(-,C) 

natural transformation of equivalence relations such that I^^E^ ^ — 

C(-,C') 

Pf = C(— ,/) (it means {C,R) — ^ — s- {C',R') is a morphism in iff / : C — > C" is an 
arrow in C and / o — preserves equivalence relation, i.e. if gi ~i{ then f o / o for 

gug2:X^C). □ 

C-R is an analogue of TZ for arbitrary category C. Again, there are the following functors 

• forgetful p : Ctz ^ C : (C, i?) C 

• inclusion A : C ^ C-r, : C (C, A o C(-,C)), where A : Set ^ 7^ : ^ (^,Aa), 
A^ := {(a, a) | a £ A} 

• quotient Q ■ C : {C,R) ^ C/R which is a left adjoint to A : C — > C-r,, i.e. 

Q 

Cn C or C(Q(C, i?), C") Ck((C, J?), A(C")) (quotient object C/R := g(C, JR) 

^ "^"^ nat.iso 

represents functor C7?,((C, i?), A(— )) : C Set which means that 3 an arrow tt : {C,R) 
A(Q(C, R)) such that V/ : (C, i?) ^ A(C") 3!/ : Q(C, i?) C" with / = A(/) o tt, in other 
words, quotient map tt : C ^ Q{C, R) is a common coequalizer of all equivalent arrows / ~_r g 
with arbitrary domain and codomain C and, in particular, is always an epimorphism) . 

Quotient functor may not exist for the whole category C-jz, but there always exists a (maximal) 

Q 

full subcategory C-rq ^ Cn for which Ct^q ^ -LJ ^ C (indeed, CnQ is always non empty 

A 

since Q o A(C) = C, i.e. A(C) G 06(CKg)). 

If C is a concrete category with representable underlying functor U := C(/, — ) then to each 
equivalence relation R : C°p TZ on object C with quotient map tt : {C,R) — > A{Q{C, R)) 
there corresponds a usual equivalence relation on C(/, C) with quotient map tt o — : C(/, C) — > 
C(/, Q(C, i?)) , and, conversely, to usual equivalence relation on C(J, C) with quotient map no— : 
C(/, C) C(/, C") there corresponds a maximal 'saturated' equivalence relation R : — »■ TZ 
on object C with quotient map tt : C — > C" = Q(C, i?) such that / g iff tt o / = tt o gf. In 
general, equivalence relation on hom-sets is weaker than usual one. 

Let C G Ob C, a : G ^ Autc(C), then G also acts on hom-sets C(C',C), C" e ObC, 

, , . , , . ( (q, f) <^(q) ° f left action 
G X C(C",C) ^ C(C",C) : <^ ^ , i.e. 3 a functor S : C°p ^ 

I (.9, ./) '-^ (^{9 ) ° / right action 

CP G-Set 

G-Set such that 

C(-,C)^ 

' Set 

regarded with the given G-action). 



(it means that all hom-sets C(G',G), G' £ ObC, are 



There arc functors 

{X, G, cr) (X, iio-) on objects 

{{X, G, (t) ^ {X', G, (t')) i-^ ((X, R^) i (X', i?,,/)) on arrows 
(where R^ is an equivalence relation on X such that {x,y) G R^ iS 3 g £ G y = a{g)x) 



• r : G-Set ^ 7^ : 
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G-Set 



r is a functor over Set, i.e. 



Set 



• r : G-C C 



n ■ 



[C, G, a) (C, Ra) on objects 

((C, G, a) ^ {€', G, a')) ^ ((C, R^) {C, R„,)) on arrows 



Qop "-^Ti 



(where R„ := roS is an equivalence relation on object C corresponding to a, 



C(-,C) 



Set 



r is a functor over C, i.e. 



G-C — ^ Cn 

p 



p 



C 



Let G-Cq := r ^(C^q). Then 3 a quotient functor G-Cq C^g C. Denote it again by 
Q, and Q o r (G, G, ct) by G/G. 



C 



For arbitrary functor F : C — > D we have G-F : G-C — > G-D such that p 



p butf 



G-C ^ G-D 



G-Cq G-Dq 



needs not preserve quotients, i.e. the diagram Q 



Q can be wrong (the dotted 



arrow may not exist and the natural isomorphism may not hold). If the above diagram holds 
(up to iso) then F : C — > D preserves quotients (of category G-C). In this case F{C/G) = 

G' X G 

F{C)/G. Quotient G/G is called universal [Kom] if VG' e 06 C ^ ^ ^ 
(G' is with trivial G-action). (G' x G) /G — ^ G' x (G/G) 



E 



Proposition 8.1. Let p 



he a structure on B, p preserve quotients of category G-E, and 



B 



{E, G, a) £ 06 (G-E) he an object such that E/G exists with tt : E ^ E/G, canonical projection, 



then 



{p{E/G))=^P^''^^*^ 



is a direct image of 



E 
{E)J- 



Proof. We need to prove that 



E 
p{E) 



p{n)) ( E/G \. 



p{E/G)) 



is cocartesian. Take 



E 

V J ' \p{E) 



( E' \ 

\ [E')) ^^^^ ^ ~ kopiir) for some k : p{E/G) -> p{E'), i.e. V/ ~g f '■ B p{E) vo f = 
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vof. 

Assume, h ~g h' : Ei ^ E then p{h) p{h') ■ p{Ei) — > p{E) (because, if h' = cr{g) o h then 
p{h') = p{a{g)) o p{h)). So, v o p{h) = v o p{h'), p{u) o = p(u) o p{h'), u o h = uo h' {p is 
faithful), i.e. u coequaUzes all ~G-equivalent arrows (in Rcr). 

Therefore, u = u o tt for a unique ?i : E/G E' . 

[v = p{u) — p{u) o p{tt) = o p(7r)) =^> {p{u) = k) by universality of p{Tr) . 



such that 



cocartesian. 



k) ° \p{ir)J ' Vp(7r), 

□ 



8.1. Group objects, subgroups, quotient objects. 

Definition 8.1.1. Let C be a category with binary products and terminal object 1. 
• G G 06 C is called a group object if 3 maps m : G x G ^ G, e : 1 ^ G, inv : G ^ G such 
that the following group-like diagrams hold 

^ ^ ^ Ixm ^ ^ , Ixe exl , ^ ^ ^ Ixinv ^ invxl 

GxGxG >GxG Gxl >GxGi IxG GxG >GxG< GxG 



mxl 

GxG- 



P2 



-^G 



G 



G 



-^G<- 



A 

G 



3o! eo! 

• Subobject K> > G of group object G is called a subgroup (object) if 3 maps rriK ■ 

ruK 



K xK ^ K, ck --l^ K, invK : K ^ K such that K x K> > GxG G < — -^K 

e invK 



1 



-^K) >G 



K> > G — — > G < 



f-g 



• For two elements /, o : 1 ^ G multiplication / • o : 1 ^ G is 1 > GxG > G 

<f,g> 



• Right shift Rg-.G^G (by element 5 : 1 ^ G) is G Gxl > GxG- 

1 X O 



■G 



Left shift Lg-.G^G (by element 5 : 1 ^ G) is G 1 x G GxG G □ 



Proposition 8.1.1. For a group object G G OhC 

• C(1,G) is a group, 

• 3 (anti)representation C(1,G) — > Autc(G) : g ^ Rg (by right shifts) and representation 
C(l, G) ^ Autc(G) -.g^Lg (by left shifts). 

Proof. 

• It follows immediately from group object axioms (e : 1 — > G is the identity, inv o : 1 — » G is 
the inverse of 5 : 1 ^ G). 

• Re = 1g '■ G ^ G (obvious) 

Rf o Rg = Rgof follows from the diagram 
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1X0 

> G X 1 ■■> GxG 



Gxl 



>G- 

ix(s-/) 



■■>Gx 1 UGxG- 



lx<l,l>..-- 



Jx<g,/> 



G X 1 x'^ 1 



Ixgxf 



-^GxGxG 



(mo(lxg))x"I ■ 



Gxl 




GxG 



Two dotted paths Gxl GxG -■■■> G Gxl and 

lx<l,l> (mo(lxg))xl 

Gxl !■ G X 1 X 1 !■ Gxl are equal since their c;oniposites with projections 

~ ( Pi ° (Pi^ o TO o (1 x g)) = m o (1 X g) 

Pi : Gxl — > G andp2 = ! : Gxl 1 are equal, indeed, < , 

. P2 O (Pi O TO o (1 x g)) = ! 



and 



pi o (((to o (1 X g)) X 1) o (Ix < 1, 1 >)) = pi o (((to o (1 X g)) x 1) o (< 1, ! > xl)) = * 
. P2 o {{{m o (1 X 5)) x 1) o (Ix < 1, 1 >)) = ! 

= O ((to o(lxg()o<l,!>)xl)=TOo(lX£f)o<l,!>opi=TOo(lX5)ol(3xl = * 

* = mo {1 X g) 



Proof for left shift Lg is similar. 



□ 



Corollary. If > G is a subgroup (object) of G then C{1,K) Autc(G) : k 1-* Rk 

is a (right) action (G, K, a) on G (by right shifts from K). If quotient Q(G, K, a) G ObC exists 
it is called quotient object G/K (under right action of K). □ 

Proposition 8.1.2. Let p : G ^ G/K be a quotient map s.t. C{l,p) : C(1,G) -> C(l,G/ii') is 

surjective. Then 



Lg-.G^G induces a Set-map V : C{1,G/K) C(l,G/is:) 



G 



->G 



If G/K is universal then 3 Lg : G/K ^ G/K in C s.t. C(l, Lg) = L' and p 



G/K G/K 



Proof. 

• Claim 1: L'g : px pLgX is well-defined and iso 



G 



-^G 




pLgX 



C/K ^G/K 

Proof of Claim 1: If px = px' then 3k & C(l,-ft') such that x' = RkX = x ■ k. Then 
Lgx' = Lg{x ■ k) = g ■ {x ■ k) = [g ■ x) ■ k = (Lgx) ■ k = Rk{Lgx), i.e. pLgx' = pLgX. 



^'0-1 °KiP^) = K-^(P^9^) =PiLg-lLgX) ^PX. 



□ 



• Claim 2: Gx G Gx G/if is a quotient map of (Gx G, isT, < 1, ct >) S 06 C-i^T, where C-isT 
is a category of right actions of C(l, K) on objects of C, <l,a >: C(l, K) Autc(G x G) : 
fc 1 X Rk. 
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Proof of Claim 2 follows immediately from the definition of universal quotient. 
Claim 3:VA;:1^G mo(lx Rk) = Rkom. 
Proof of Claim 3 follows from the diagram 

IxRk 



□ 



GxG >GxGxl 

mxl : 

>G X 1 




———^GxGxG , 

Ixlxfc Ixm 



GxG- 



Ixk 




G 



Rk 

The dotted paths p^^ o m, (m x 1) o (1 x : G x G ^ G x 1 are equal since their composites 

( Pi° {Pi^ om) = m 

with projections pi : G x G ^ G , p2 =1 ■ G x G ^ 1 are equal: < and 

I P2 o (Pi o m) = ! 

pi o (m X 1) o (1 X p~'^) = m X pGxG o (1 X p~^) = mo IgxG = m 
P20 [m X I) o {I X pj^^) ~ ! 

[where pgxG ■ G x G x 1 ^ G x G is the projection, pcxo o (1 x p^^) = IgxG since 
PGxG o (1 X p^^) o <x,y>= pGxG o<x,y,\ >=< x,y>]. □ 

G xG — ™ 



-4G 



Claim 4: 3 ! map fh : G x G/K G/K such that 



G X G/K G/K 

Proof of Claim 4: Take < 7,5 >~if< f ,g' >: X ^ G x G (where G x G is with the action 
C{l,K) 3 k ^ 1 X Rk G Autc(G x G)) then < f,g' >= {1 x Rk)o < f,g > for some 
k e Cil,K). 

p o mo < /', 3' >= p o m o (1 X o < f,g >= p o Rk o mo < /, >= p o mo < /, 5 > 
[p o = p by definition of quotient p]. So, p o m coequalizes -equivalent arrows to G x G. 
Therefore, 3! m : G x G/K G/K filling out the above diagram. □ 

Now, define Lg : G/K G/K as G/K ^ 1 x G/K G x G/K ^ G/K. It works since 



G- 



-41 X G- 



1 Xp 



G/K; 



-4 1 X G/K ■ 



gxl 



-^GxG- 



Ixp 



gxl 



->G X G/JC- 



and C{1, Lg){px) = Lg o p o X = p o Lg o X — pLgX — L' {px), i.e. C{l,Lg) = L' 



□ 



8.2. C-group actions. 
Definition 8.2.1. 

• Let G be a group object in C, X e ObC, then C-map p : G x X ^ X is a, (left) group 
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IxX^^GxX 



action on X if 



mxl 

GxX- 



-^X 




Left shift Lf : X ^ X {hy g € C{1,G)) is the composite 




• If K> — G is a subgroup of G, Y> — X is a subobject of X then K stabiUzes Y if 



G xX—^X 
3f : K X Y ^ Y such that n x»2 



K X y — 



□ 



Lemma 8.2.1. Let Y> — - — >X be a subobject of object X with G-action p : G x X ^ X . 
Assignment Stahy : ObC ^ ObSet : Z ^ StabY(Z) C C{Z,G) such that {x : Z ^ G) e 

G xX—^X 

Ix 

StabY(Z) ijj 3 px : Z X Y Y such that G xY y zs functorial (hom-subfunctor). 

xxl / 

Z xY 

Proof. For {f : W ^ Z) e ArC define Stabr(/) : Staby(Z) ^ Stahy (W) : x ^ x o f {as 
precomposite with /). This is correct since if a; € Stahy (Z) then x o / e Staby(W) which can 

G xX—^X 



be seen from the diagram Z xY > Y Functorial properties of Stabi' are obvious. So, 

/xl / 

/ Pxo/ 

W xY 

3 functor Staby : — > Set and Stabr ^ C{—,G) is a hom-subfunctor. □ 



Definition 8.2.2. If Staby : Set is representable then denote its representing object 
by Staby G ObC and call it a stabilizer of Y> > X (for group G acting on X). □ 

Proposition 8.2.1. Let Stahy : C°p Set be represented by Staby G ObC. Then 

j 

• Staby') > G is a subobject of group G (but not necessarily a group object itself), 

• j is the universal element of functor Staby, 

• each element in Stahy{Z) has form j o x for a unique x : Z Staby, and all elements of 
this form (ix : Z Staby ) are in Staby(Z) [in other words, {z Gz G)&c{z G Staby(Z)) ^ 
{z Gz Staby )y, 
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G xX — >X 



3! pj : Staby xY —^Y such that jxi 



i and Pj is universal among arrows with 



Stabr X Y „ > Y 



G xX—^X 



similar property, i. e. Vpx' : Z x Y ^ Y such that x' > 



3\x : Z ^ Stabr such 



Z xY — — >Y 

Px' 



Pi 



Stabr X Y > Y 

that x' = j ox and ^xi 

ZxY 



Proof. First three points follow from Yoneda Lemma ( j is the universal element of representation 
C(— ,Stabr) — * Stab-K corresponding (under Yoneda embedding) to monic (natural transfor- 
mation) C(— ,Staby) — Staby"^ > C{—,G) ). Fourth point follows from the definition 



and above properties of functor Staby and that Y> — - — > X is monic. 



□ 



Lemma 8.2.2. Subobject H> >G of a group object G E ObC is itself a group object 

iff VZ G ObC there are induced group operations in hom-set C{Z,H) in the following way 

GxG—^G G-^G 1—^G 



H X H 

<x,y> 



H 



H H 



/ 3 m{<x,y>) 



3 inv{x) 



z z 

Proof is obvious in both directions. 



□ 



Proposition 8.2.2. 

• Staby> > G is always a submonoid of group object G & ObC 

• Staby> >G is a subgroup of group object G€ObCifyZGObC\/xG Staby(Z) the 



GxX—^X 



corresponding map px ■ Z x Y —> Y as in the diagram x> 



is surjective in 



Z xY- -^Y 



the second argument, i.e. yt : T ^ Z the map C{T,Y) 9 s i— > p^o < t,s >G C{T,Y) is 
surjective [it holds in classical case in Set]. 



Proof. 
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GxX 

m X 1 \ p 



GxGxX^^GxX—^X 



xxyxi 

ZxZxY- > Z xY —r^Y 

<1,1>X1 / 

ZxY- - - ''^'"««.«» 



i.e. m(< a;,y >) G Staby(Z) if a;,t/ G Stabr(.^) 



(the same, m(< a;,y >) Staby if Gz Staby) 



GxX— 



exl 



P2 



1 X X— — \X 

Ixi 

1 xY -^Y 



i.e. e(!) := eo! g StabY(Z) (the same, e(!) Gz Staby) 



!xl 

ZxY 



• In general, for x Gz Staby OTt;(a;) Gz G, but inu(a;) ^z Staby. 
GxX- 

mxl 



(eo!)xi 





Z X Z X r- >Zx Y - - ^Y 




Why does Pinv{x) exist? 



/ 

Hom{-, A) » Hom{-, B) 

Lemma 8.2.3. If a square h 

Hom{-, C)^-^ Hom{-, D) 

resentables commutes, where f and k are respectively componentwise surjective and componen- 
twise injective maps, then 3 a (unique) diagonal d keeping the diagram commutative. 



of natural transformations of rep- 
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fx 

Proof of Lemma. Hom{X, A) » Hom{X, B) 




Hom(X, C)> > HomiX, D) 

kx 

kx, gx factor through Im{k) since kx is injective and fx is surjective. Define diagonal 
dx '■= °9'x- Arrows dx {X is a parameter) form natural transformation which can be 
seen from the diagram • ■ 




□ 



(lXPx)o(<l,l>XlL , 

Ci^,Z X Y) » C(-, ZxY) 



So, apply the above lemma to the square 



po{inv{x)xi) 



C{-Y)y- 



-^C(-,X) 



(The top arrow is componentwise surjective since (lxpa;)o(<l,l> xl)o<f, s>=(lx 
p^) o < t,t,s >=< t,pxO < t,s >>, and, so that, V < m,l >: T ^ Z x Y 3 its preimage 
<t,s >:T Z xY with t = m and s is a solution of the equation p^o <m,s >= I [which 
exists because px is surjective in the second argument] . The bottom arrow is componentwise 
injective since i is monic.) 



G xX—^X 



Consequently, 3(!) Pinv(x) ■ Z xY ^ Y such that inv{x) 
then inv{x) &z Stab^^. 



Z X Y >Y 



i.e. if X Gz Stabr 



□ 



Lemma 8.2.4. If Lg : X — > X is a left shift, and Y,Z> > X are subobjects of X such that 



X — -^X 



an induced isomorphism Lg : Y ^ Z exists, i.e. the diagram «y 



iz commutes, then 3 



Y- -^Z 

3 La 



an induced map (iso) Lg o Rg-i : Staby — > Stab^, corresponding to Lg : Y Z , such that the 
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GxX- 



following diagram commutes 




Stabz X Z 













3y Xiy 




Piz 


XLg 








>z 



Stabr X Y 



POY 



Proof. The only difficulty is that the left side square commutes, namely, 

Stab^ <- 



-G 

3Y 

Stabr 



Sufficient to show that {LgoRg-i)ojY ^Qxabv Stabz, i.e. that {LgoRg-i)ojY € Stab2(Staby), 



or that 3p' : Staby x Z ^ Z such that 



GxX 



-^X 



Indeed, 



Staby X Z - Z 



{{LgoRg-i)ojY)x{LgoiY) = {{LgoRg-i)ojY)x{izoLg) = {{{LgoRg-i)ojY)xiz)o{lxLg), 
then p o {{{Lg o Rg^i) o jy) x iz) o (1 x Lg) = %z o Lg o p^^, and so, p o {{{Lg o Rg-i) o jy) x 
iz) = iz o Lg o pjy o (1 x Lg)~^, i.e. p' := Lg o pj^ o (1 x Lg)^^. Therefore, Vx St Staby 
Lg o Rg-i{x) €t Stab^, i.e. 3 the induced map Lg o Rg~i : Staby Stab^. □ 



Proposition 8.2.3. 

• Two objects (G, C(l, Staby), ai) and (G, C(l, Stabz), 0-2) from C-Grp (a category of right 
group actions on objects from C) are (equivariantly) isomorphic if G C(1,G) and an in- 
duced isomorphism (as in lemma 2.7.2.4) Lg : Y Z . The required isomorphism has form 



(LgOfl 1 , LgOR IO-) 

(G, C(l, Staby), ai) — > (G, C(l, Stabz), era). 

• G/Staby ~ G/Stabz (if these quotients exist). 

Proof. 

• It is necessary to prove that V(/ : 1 — > G and fc : 1 Staby LgoRg-ioR^. = Rg./^.g-i oLgoRg-i . 
It follows from two facts Rg.k g-^ = Llg-i o Rk o Rg (antihomomorphism) and commutativity 
of left and right shifts Lg^ o Rg^ = Rg^ o Lg^ [the last fact follows from associativity ax- 
iom y < t,r,s >: T ^ G X G X G m{t,ni{r, s)) = m{m{t,r),s), and so, Lg^ o Rg^ ot = 
m{gio\,m{t,g2ol)) = m{m{gio\,t),g2o\) = Rg^ o Lg^ ot]. 

• Isomorphic objects in C-Grpg have isomorphic quotients in C since Q : C-Grpg ^ C is a 
functor. So, Q{G, C(l, Staby), ai) ~ Q{G, C(l, Stab^), (T2). □ 

Definition 8.2.3. An object X € ObC with a group action p : G x X ^ X such that 
Va; : 1 — > X both Stab^; and G/Stab^ exist, and G/Stab^ is universal, is called homogenious if 3 
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G X (G/Stabx) — ^ G/Staba; 



an isomorphism / : G/Stabx — * X such that ix/ 

G X X 
G X G 5-G 



(for an a; : 1 ^ X) 



where p' is defined from 



1 Xp 



(1 X p and p are quotient maps). □ 



G X (G/Stabx) > G/Staba: 

3!/ 



Proposition 8.2.4. If X is a homogenious object (with G-action p : G x X ^ X) and C(l,p) : 
C(1,G) C(l, G/Stabj;) is surjective, where G — ^^G/Stabj; is a quotient map, then 

• C(l, G) acis transitively on C(l, X), i.e. Vx, y : 1 ^ X 3g : 1 ^ G such that y = Lg o x, 

• definition of homogenious object X ~ > G/Stab^ does not depend on the choice of x : 1 — > X. 

/-I 

Proo/. 

• Va',6' : 1 G/Stabj; 3a,6 : 1 ^ G s.t. pa ^ a', p6 = h' , and 1 ^ G s.t. 6 = LgO. By 
proposition 8.1.2, L'g{a') = L'g{pa) = pLg{a) = pb = b' (where L'g is the induced left shift 
on C(l, G/Stabx)). So, C(1,G) acts transitively on set C(l, G/Stab^), and consequently, on 
C(1,X). 




• Regard the diagram 




G X [G/Staby) V G/Stab^^ 

m p" ;^ 



[a exists as a mediating arrow because f o p^ is a quotient map of (G, C(l, Stab^;), cti), and 
Pyo{LgoRg-i) coequalizes ~o-^ -equivalent arrows {LgoRg-i is equivariant, andpy is aquotient 
map of (G, C(l, Stabj,), (T2)), essentially, a = Q{Lg o Rg-i). The bottom square commutes 
because (1 x /) o (1 x p^) is a quotient map, and so, cpi] 

G x (G/Staby) — ^ G/Staby 

(-f's°-Rg-i)x« ~ 

Therefore, _ ( ix(aoLg_i) G x X > X 

(L^_ioK3)xL^_i 

GxX >X 

required isomorphism (by definition 8.2.3). 



i.e. Lg o a ^ is the 



□ 
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